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A novel proof of the solvability of the Lur'e equations which appear in the the-
ory of absolute stability is presented. This proof makes it possible to generalize
" the results to the Hilbert spaces and unbounded operators,

Let the following real matrices be given: A and P are n X n matrices, 5 and Q
are n x m matrices and R is an m X m matrix; P and R are symmetric ones. We
regard as the Lur'e equations, the equations with respect to the real symmetric n X m
matrix M and n X m matrix L of the form

MA 4 A*M = —P ;- LL*, LK=MB40Q, K*K=R (0. 1)

The equations (0. 1) with m = 1 were introduced in a slightly different form by Lur'e in
connection with the study of the problem of absolute stability {1], The importance of
these equations here lies in the fact that as soon as their solutions exists, so does the glo~
bal Liapunov function of the initial nonlinear system,

Equations of the type (0. 1) for an arbitrary value of m also called the generalized
Lur'e equations, were introduced in [2] in connection with the generalized problem of
absolute stability containing many nonlinearities, The sufficient conditions of solvability
of Egs. (0, 1) in their closed form, for m = 1, 4 — Hurwitz matrix, R >0 and R = 0,
P < 0 ,were first given in [3]. Theése conditions were generalized further [B—1T] tothe
case of an arbitrary m > 1, R > 0 and an arbitrary matrix A , and sharpened to the
necessary and sufficient conditions: IJ (0) >0, © & (—o0, -00) where

Il (0) == R 4- 2Re (Q* (jwE — A)™1B) + B* (—joE — A*)"1P (joE — 4)7'13 (0.2)

the asterisk denotes the transpose of the matrix, E is a unit » x » matrix andj :}/’:—ﬁ
The case R == 0 was also investigated in [8].

We note that the connection between the solution of (0. 1) and the solution of the vari-
ational problem was first discovered by Popov (see [7] who showed that the solvability
of (0. 1) implies the existence of a solution of the corresponding variational problem,
Below we establish the converse relation with the help of an idea of Lyons concerning
the unlinking of the Hamiltonian systems [9].

1, Novel proof of the solvability of the Lur'e equations in the
case of R >0. The proof is based on the following theorem (the assertion 1° of the
theorem is already known,see [10]).

Theorem 1. Let A be a Hurwitz matrix and let the following frequency inequal-

ity hold for some & > 0 ; I (0) > ¢E (L1

Then the assertions 1° and 2° both hold,
1°, There exists a solution of the variational problem of the minimum of the func-
tional Ip [u (#)] (h is an n=-vector and u is an m-vector)
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Iu®]= S B (y (B, ) () y (R, u) (B); u (t), u () dt (1.2
0
for all u (), t & (0, 0o) satisfying the inequality
P = e O It <o (1.9)

0

Ju®l2=<u®) u@p, =Y ul(t), w=(u,...,u)

where
v (2, 33 v, u) = (Py, 25, + <=, Qud, + <y, Qud, + (Ru, vy,  (L.4)

t
y (h, u) (1) = At + S AU y (1) dr
]
The solution is unique within the values on the set of the ¢-axis of zero measure.
2°. The symmetric matrix M defined by the expression
o
Shy, Mhoy = (Mhy, hgy = S B (y(h1, w1°)s y (hey us®); us®, ug®)dt (1. 5)
0
where u;° (¢) is the solution of the variational problem formulated above with = p; (; =
1, 2),exists and satisfies the relations (0. 1). From now on we shall omit the dimension
indices at the scalar products and norms, in the cases when their dimensions are obvious,
Proof, 1°, Since A is a Hurwitz matrix, the functional I [u] is defined for all
functions. u (¢) satisfying (1. 3), and is continuous on the norm (1,3), The functional I;,
can be written in the following form:
Inlul = o fu (), u ()] — 2Ly [u (D] + I}° (1. 6)
Ly lul = —\ Py @), y (b)> + <y (), Qu wpat
0

y () (&) =y 0, u)(t), y(h)) = et'h
tolu ol =\ B @), vy wnar, 1o=1,00, 1)
0
O, (¢) is an identically zero function belonging to the domain of definition of the func-
tional),
The form =x, [u, v] is continuous, symmetric and bilinear, For the functions « (¢) satis~
fying the condition (1. 3) we have, by virtue of the Parseval equation and condition (1.1),
4
o [u (8), u (9] =% S I (o) f,, (0), f, (®)>do > (L.

—0

o0 o

eg e () Pt = ep? (u),  f, (@) ES u(t) ¥ dt

0 0
(the form , [u, v] is coercive [9]). From this it follows [9] that the extremal element
u® (¢) of the functional (1, 2) exists and is unique under the condition (1. 3). The unique-
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ness of the extremal element u° (t) is understood in the sense of the norm of p ().
2°, From [9] it also follows that the extremal function u°(f) must satisfy the equation
g Lu® (), u ()] = Ly [u (3)] (1.8
for all « (t) satisfying the condition (1.3), Taking into account (1,4) and (1, 6), we can
transform the above equation to the form

o0
S [KPy°, y) + <¥° Quy + <y, Qu> -+ (Ru’, up]dt =0 (L9

@ (&) =y (B, w)0), y (1) = y (w)(t) = y O, w)(2))
Conversely, only the extremal element of the functional 7, can be a solution u° () of
(1. 9) with condition (1, 7) (with the accuracy within the values on the set of measure
Zero),
Next we define the continuous function ¥ (¢}

o0

¥ (1) = D Py (1) 4 Que () v (1.10)

The function ¥ (¢) obviously sati;fies the relations (1, 11)
gz‘l": — A% — Py () — Quo (1) (1.11)
§°II‘Y(t)H'zdt<oo, tl_igﬂ\}f(t)ﬁ:() (1.12)

0
By virtue of (1, 6),(1, 9) — (1. 12), we have

0= §<g§ ¥+ A + Py° + Qu°, y (u)> dt = §°<§§ YA,y (u)> dt— (1.13)

0 0

[y, Quy + <Ruc, uy) dt =& (= y@+ Ay, ¥ yar—

0

{Q%y° 4+ Ru®,ud dt =

Oe,/"'g omg
Se.~2g

o
(— Bu, ¥y dt — S <Q*y° + Ru®, uy dt =
0

o
— & (B*Y + Q*y° + Ru®, uy dt

0
Since u (#) in these equations is an arbitrary function satisfying (1, 3), we have the rela-
tion B* ¥ (1) =—Ru® (t)—Q*y° (t). By virtue of the condition (1, 1) R > 0, therefore
(1. 13) can be written in the form

u® (1) = —R™1 (B*¥ (8) -+ Q*° (1)) (119

The above relation implies, in particular, the continuous character of «° (¢).

Let us consider the mapping which places the n~vector % in correspondence with the
function ¥. The mapping is linear by virtue of (1. 9) and (1, 10), It follows that there
exists a » X n matrix M such,that Ma = ¥ (0). Moreover, it turns out that the matrix
M satisfies the equation My @) =¥(), t>0 (1. 15)
The proof of the relation (1, 15) is based on the concepts given in Ch, 3 of the monograph
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{9]. Consider the functional

el = By, (). v, (ol ww)dt, 30 (1.16)
14

v, (hou)(t) = eA¢D b SeA(’-ﬂ u (v) dv

Repeating the previous arguments for this functional, denoting by us° (h, ¢) the extremal
element of the corresponding variational problem and by ¥s° (&, t) and ¥, (%, t) the
functions of the form

u2 )=y, (hu) (O, ¥, )= A %
[Py (B, T)+ Qu, (h, T)]dT, t>st
we find that there exists a matrix M, satisfying the relation
My (g, =Y (2, 5) (g € R, s> 0) (.17

Let us take, as. g in (1, 17), the vector g = %° (k, s) which represents the value of the
function ¢° () of the initial variational problem (s = 0) at the instant - = s. Then by
virtue of the stationary character of the problem, we have

ys° (gv t)': yo° (gvt_s): yo (gv t—s)’ W (g’ t)Z‘Fo (gv t—s)

and consequently the operator M, in (1, 17) is independent of s. Further, by virtue of the
principle of optimality, the fact that the functions »° (¢) and u,° () are extremal, it fol-

lows o
Y (g 1) =y (B 1)y ¥e (g, t) =Wo(hyt) €=y (Bs)y RER" t>5

which, together with (1, 17) (taking into account the fact that M, is independent of s,
and s is arbitrary), yield (1, 15),

The relations (1, 4), (1. 11), (1, 12),(1. 14) and (1, 15) in turn yield, for any k,, ky &€ Rn,
the following sequence of equations:

My, hyy=CF (hy, Y, y° (hy, 0)y=— [(%‘F(hl,t).y%hz, D>+ (L1

\
0
<‘1f (a 1), %gf (s t)>] dt =g B (° (hy, £, 3° (g 2); u® (hy, 8)
U (hy, t))dt = <3 (hy, 0), ¥ (hy, 0)>0= <hy, Mhyy
i,e, the relation (1, 5). Finally from (1. 11), (1. 14),(1.4) and (1, 15) follows
0, =M Ly () — LY @) =M (Ay () + Bu" )+ AF )+
Py () + Que (1) = (MA + A*M)y° (1) + IMB+ Q) u® () + Py (¢)
from which, with (1, 5) and (1. 14) taken into account, we obtain
Sy (R, t) =0,, S= MA-+ A*M -+ P — (MB+ Q)R™1(MB + Q)* (L.19)

Going in (1, 19) to the limit as ¢ — 0 and assuming that % is an arbitrary r~vector,
we find that S is an rn X n zero matrix, This is equivalent, for R > 0, to the relation
(0. 1), which completes the proof,
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Theorem 2. Letsuch mX n matrix.Fexist for the matrices 4 and B where 4
has no spectrum on the imaginary axis,that 4, = 4 + BF is a Hurwitz matrix. Then
a symmetric matrix M satisfying (0, 1) will exist provided that the relation

I (0) > & (E — B* (—joE — A*1F*)(E — F (joE — A)'B)  (1,20)

holds for some ¢ >0 .
Proof. We note that

I (w; Ay, B, Py, Qy, R)fup fu,> =« (0; 4, B, P, @, R)fu, fu>
(u (¢) = u(t) — Fy (t), P, = P+ F*RF + F*Q* + QF, Q, = Q + F*R)
Therefore, when the condition (1. 20) holds for the matrices 4,, B, P, 0, and R , Theo-
rem 1 is true and a matrix M will exist satisfying Eqs, (0, 1) for the altered values of
the matrices appearing in the expression, Passing in the relations (0. 1) to the initial mat-
rices A, P and Q, we find that M also satisfies the initial relations (0, 1),
Corollary, Let a pair of matrices (4, B) be fully controllable [7]. Let also the
matrix A have no spectrum on the imaginary axis and the condition (1. 1) hold, Then
a symmetric matrix M exists satisfying the relations (0, 1),
In accordance with [7], if the pair {4, B) is fully controllable, then the matrix 7 from
Theorem 2 will exist, Moreover we note that sup, || F (joE — 4)71B | < oo, and this
implies that the above assertion follows from Theorem 2,

2, Sufficient conditions of solvability of the Lur'e equations
in a Hilbert space. The proof of Theorem 1 admits a generalization to arbitrary
Hilbert spaces and to the case of an unbounded operator 4. Such generalization is use-~
ful in studying nonlocal stability and instability of dynamic systems described by partial
differential equations,

In what follows, we shall use the following notation, If X is a Hilbert space over the
field of real numbers, then <., .>y is a scalar product in this space; ¢, denotes the zero
element of H; V* is a space dual [11jto V; <f, g», g € V, f € V* is the value of the
functional f on the elementg; T : H, — Hyis a linear operator acting from H, to H,;
0 (H, — H,)is a zero mapping H, — H, (or its equivalence class in the sense of the cor-
responding norm); L2 (v, T; H), T < T is a Hilbert space of absolutely square integrable
mappings (1, T) — H with a uniquely defined scalar product and L2 (v; H) == L? (v, oo;
H). We shall also make use of the Sobolev type [9] space W (v, T; V) ,defined as fol-
lows:

Wmﬂm:@mwmemm7zw%emmﬂw*

by @) Iy = § (i + | Ly Uw t

So,let H,V and U be Hilbert spaces over the field of real numbers [11], with the
inclusion v C H = H* C V*, the imbedding v — H is continuous and the set of ele-
ments of the space V is dense everywhere in H. (This, in particular, implies that<f,g>==
f.g>u if fEH andge H.) Let A be a continuous linear operator V — v* closed
in the space H ,the domain of definition D (A) of which is dense in V.

We note that D (4) is a set of elements % of the space V satisfying the condition
Ah & H [9, 11]. Consequently the operator A will be unbounded (generally speaking)
on H. The operator 4 becomes bounded if vV = H.
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Let us consider a linear evolutionary equation [9] of the form
2yw=a0+10 1)

We shall say, in accordance with [9], that a solution ¥ (#) of (2. 1) on some interval
(t, T) is a function of the space W (t, T; V) such, that for any function £ (1), E& V
smooth and finite on the interval (t, T) ,the following relation holds:

T

/ d
S [&y(t), & (t)> + <Ay (1), E(t)> + <f (1), E (t))] dt =0 (2.2

Assumption 1, Forany h& H, T >0 and f () € L? (0, T; V*) there exists
a unique solution ¥ (f) of (2, 1) satisfying the initial condition
y(0)=nh (2.3)
The solution depends continuously on the initial values of £ (¢) and k in the sense, that
(h, f) > y(t) is a continuous mapping of the space H X L2 (0, T; V*) onto the space
w0, T; v).
Assumption 2, For a given function g (1) & L* (0; H) a H -continuous function
w (t) € W (0; V) exists and is unique, The latter function has values in the space V, and
satisfies (in the sense of Eq, (2. 2) in which 7 == oo, f = g and the operator 4 is replaced
by [—A*]) the equation
y ) qu -:T\If=—A*‘Y+g(t) (2.9
where A* is the operator V — V* conjugate to 4 [11].
Note 1. A theorem exists which states that any function belonging to the space
W (0, T; V) which is modified on the set of zero measure in the appropriate manner,
will be a continuous function of [0, T] — H [9]. Therefore Eq. (2, 3) is meaningful
and it also follows that the function ¥ (¢) € W (0; V), representing the continuous map-
ping [0, co] — H, has a zero limit 6 as ¢ — oo [9],
Definition 1, We say that the operator A is L2.-stable if the Assumption 1 holds
for this operator when 7 = oo. Let B be a linear bounded operator U—V*. We denote
by w (h, u)(t) the solution of the equation

dy/dt = Ay + Bu (1), u() € L*(0; U) (2.9)
with the initial condition (2. 3). We denote this solution by ¥ (u)(f) when k= 8y, and
by w (h)(#) when u(t) =0 (Rl > U).

Assumption 3. There exists aset V;, D (4) C ¥V, C V such that ifre vV, is
a function continuous in ¢, then v (k, u)(¢) is a continuous function of (0, c0) — V. We
shall now formulate a theorem which, in the finite-dimensional case, becomes analogous
to Theorem 1,

Theorem 3, Let A be an L*-stable operator and the Assumptions 2 and 3 hold,
Let also P, Q, R and B be linear bounded operators H — H, U — H, U — U and
U — V* ,respectively, and let the following inequality hold for some & > 0 for ali
w () L2 0;U) 3

§ [KRu(2), u )y + 2 <y () (2), Qu (> + (2.6)

Py @) (). y (@) gl dt> e 1w @ e
0
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Then the assertions 1° and 2° are valid,
1°, A function ° (1) & L? (0; U) satisfying the equation

I [u* ()} = u(t;)rgm I, [u ()] 27

o0

I le 1=\ w00, y (w0 0 u 0), w @) at

]

U x, 4 v, w) =Py, g + (w, Qudg + <y, Quryg + (Bu, vy

exists for any h = H . Since «° (¢} is an element of the space L? (0; U) ,it can be
defined uniquely,

2°, A linear bounded operator M : H — V exists satisfying, for any »; & H , the re-
lation (1. 5) where u;° {t) is the solution of the variational problem (2, 7) with 2 = 4;,
and also satisfying the relation (2.8)
(M*A + A*M + P)§, > = KLL*E, vy, L= (M*B + Q)K™1, K*K=R; §,neV
where M* is the operator V* — H conjugate to M [11], (The operator M* acting
from V¥ to H isdefined by the equation <M*f, k> = <f, Mh> which holds for all f €
V*and h& V)

The relations (2, 8) represent a generalized form of the relations (0, 1). In place of
the vector spaces R™, R™ and of the matrices, we have the Hilbert spaces #, V and U
and the linear operators acting in these spaces (here the operator 4 is an unbounded
operator in H). The latter circumstance enables us to utilize the relations (2, 8) during
the investigations of nonlinear distributed systems in the manner, in which Egs. (0. 1)
were used (by Iakubovich and his coworkers) in studying the systems described in terms
of the ordinary differential equations, Therefore Eqs, (2, 8) can be regarded as thelur'e
equations in Hilbert spaces,

Note 2, Theorem 2 gives the sufficient conditions of solvability of the Lur'e equa-
tions, provided that 4 is a stable operator and R is a positive definite operator, The
method discussed here was used in [12] to study the case R > 0, but the operators ‘4 in
that case were bounded,

Note 3. In the case when the Fourier transform j, (0) of the function {y (u)(t)
when ¢ > 0 and 6, when ¢ <{ 0} is connected with the Fourier transform f, (w) of the
function {u () when ¢> 0 and 6, when t < 0} by the relation

fy @) = (juk — A)1Bf, (o) (2.9
(which will hold when Bu e H, as well as in a number of problems, where Bu e V¥,
e, g. in the investigation of controlled systems described by partial differential equations

with the control appearing in the boundary conditions [9]), the condition (2. 7) can be
written in the following frequency form:

I (@)u, w>>elul? I(0)=R+ Q* GoE — A) B + B* (—joE — (2.10)
A*Y1Q + B* (—joE — A*)"1P (joE — AV 1B
When the operator B has its left inverse B_, the condition (2, 6) can be replaced by

((—joE — A%)B_* (R — eE)B_ (joE — A) + 2Re QB_ (joE — 4) + (2,11
Plfy (o) fyo) >0, © e (—oo, +oo)
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In contrast to the condition (2, 10), (2. 11) contains the operator 4 itself instead of its
resolvent, In the case of differential operators A this helps to obtain the relations bet-
ween the parameters for which the condition (2. 6) holds, while investigating specific
partial differential equations,

Proof of Theorem 3, 1°, We write the functional I [u], just as in the finite-
dimensional case, in the form (1.86), But now my {u, uland Ly [u] represent the function-
als U X U~ Rl and H X U — Rt in which i, P Q and R are the operators from
the condition of Theorem 3, while v (u)(t) and y (R)(¢) are the corresponding solutions
of (2.5). The form =, [u, v]: L* (0, U) X L% (0, U) — Rt is a continuous and symmetric
one; when the condition (2, 6) holds, italso becomes coercive [9], This implies, by vir-
tue of Theorem 1, 1 of ch, 1 of [9], the existence and uniqueness of the element v° (t) &
L? (0; U) satisfying the relation (2.7).

2°, We introduce the function w (f) = W (0; V), having defined it in accordance
with the Assumption 2 as the unique solution of the equation

“gg‘ W (1) = — AYY (1) — Py° (1) — Qu° (1),  ¥° () =y (h, ) (1) (2.12)

By virtue of (2, 12) and Assumptions 1 and 2, the operations in (1, 13) remain valid here ;
moreover B* and Q* are the operators V — U and H — U conjugate to the opera-
tors B and ¢. Thus we arrive at the relation

W (f) = —R™1(B*w (1) + Q*y° (1)) (2. 13)

Further, the functions ° (#) and w(z) , and by virtue of (2, 13) the function w° (¢) ,can
all be assumed continuous on the interval [0, co] (after a possible change in their values
on the set of zero measure), therefore a mapping M : b — ¥ (U), exists which will be
linear for reasons analogous to those in the finite~-dimensional case, In fact, the mapping
M is a product of the linear mappings H =k — (u° (#) and ¥° (1)) > ¥ (0) & V. The
linearity of the first mapping follows from the infinite-dimensional analog of (1. 9). The
existence of the second mapping is guaranteed by the Assumption 2,

Let us consider, for an arbitrary s > 0, the functional 7g* (u) of the form (1. 16) in
which u (f) & L2 (s; U) and y, (g, w)() & W (s; V) is a solution of (2, 5) in the interval
(s, o0) satisfying the initial condition y, (g, u)(s) = g = H. (Such a solution exists and
is unique by virtue of the Assumption 1 and the time independence of the operators 4
and B). Since the operators 4, B, P @ and R are stationary, the extremal element
us° (g, t) of this functional can be obtained from the extremal element u° (g, ¢) of the
functional (2, 7) by displacing it in time u° (g, t) = u° (g, t — 5). This also implies that
¥s° (g, us)(t) = ¥° (&, W)t — s).

Let us now introduce the function ¥; (g, t) & W (s; V) as a solution of the equation

d
dt
(Fse W (s, V), g (1) = ys" (g, us®) (1)

Clearly, ¥, () = ¥ (f) and ¥, (g, &) = ¥, (g, t — 3).

From the above relations it follows that the linear operator which puts the elements
g€ H and ¥, (g, 5) in one-to-one correspondence, is the operator M defined above.
Using now the arguments employed in Theorem 1 and based on the principle of optimal-
ity (the dimensionality of the spaces does not enter this argument), we obtain

W, = — A, — Py (1) — Qu (), t>>s
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My () =w (@), t>0 (2. 14)

Further, in accordance with the definition of the functions ¥° (t) and ¥ (¢), all transfor-
mations in (1, 18) remain valid and the operator M will continue to satisfy the relations
(1.5) inthespace H. In particular,we find that <Mh,, hy) = <hy, Mh,> for any k; & H.
From this it follows that [11] the operator M , as operator H — K ,is Hermitian,
On the other hand, in accordance with the Assumption 2 we have Mh =¥ (0) E V,
so that M will be a linear mapping H — V. The closed graph theorem [11] (since
D (M) = H and the mapping M is closed) now shows that the mapping M is continuous
and, as the mapping H — V. The theorem also implies the existence of the continuous
operator M* : V* — H conjugate to M : H — V. We note that M*h = Mk forh & H.
Let us now consider the relation

T .
V[ o+ ary 4 Py (v — av —Ber, e la =0 2,19
0

E®eEWwWO T, V)

The validity of (2, 15) follows from the definitions of the functions %° () and ¥ (¢) and
of the operator M , and together with (2, 13) and (2. 14) it yields

T
S Sy (), E@)ydt=0, VE@)E WO, T;V) (2. 16)
s .
S= M*A + A*M + P+ (M*B + Q)R (B*M + Q%)

The operator S is continuous on V — V*. Therefore from (2, 16) (with the Assumption
3 taken into account) it follows that Sk = 8 if h & V,. Since the element h = v, is
arbitrary and V; is dense in V ,this becomes equivalent to the relation (2, 8), and this
completes the proof of Theorem 3,

Note 4, From the proof of the theorem it follows that Assumption 2 can be relaxed.
It is sufficient to require that it only holds for the functions g () of the form
Py° (1) + @i (8).

Theorem 4., Assume that the Assumptions 1 — 3 hold and a linear bounded opera-
tor F: i — U exists which satisfies the following conditions: operator 4; = A - BF
is L?-stable, and for some & > 0 the following inequality is satisfied

S (<R (t), v (t)> + 2 <y (v) (1), Qv () + <Py (@) (1), y () ¢D]dt > (2.17)

0

e{ 10— Fy WP v () —FyOEL20, D)
1}

Then a continuous linear operater M : H — V, satisfying the conditions (2. 8) will exist,
The proof is similar to that of Theorem 2, and is carried out by passing to Theorem 3
with help of the substitution v = v — Fy.

If the relation (2. 9) holds for the operators A4, and B ,the inequality (2. 17) can be
written in the following frequency form:

Il (@), v> >¢el|lv— F (joE — A)"tBv| 2
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The solution is presented for the three-dimensional problem of the theory of
elasticity of transversely isotropic elastic bodies, where the elastic character-
istics vary arbitrarily along the axis of symmetry of the elastic properies of the
medium, The solution is written in orthogonal curvilinear cylindrical coordi-
nates and is represented by using two independent functions, The question of
separation of the boundary conditions in the plane of isotropy is examined.

A number of investigations, which examine primarily the equilibrium of



